Abstract. In this paper we shall give some sufficient conditions in order that the so-called ϕ-category of a pair (M, N ) of differentiable manifolds be infinite.
Introduction
Let M, N be compact connected differentiable (smooth) manifolds having the same dimension m ≥ 2. If π q (M ) ∼ = π q (N ) for some q ≥ 2, then any differentiable (smooth) mapping f : M → N has one critical point at least. Indeed, otherwise f is a covering map and π q (M ) ∼ = π q (N ), for q ≥ 2, follows easily.
This observation justifies the investigations on the cardinal number
called the ϕ-category of the pair (M, N ), where M, N are, at this time, arbitrary differentiable manifolds and C(f ) is the critical set of f ∈ C ∞ (M, N ). If any differentiable mapping from M to N has infinitely many critical points, we shall use the notation ϕ(M, N ) = ∞. As we have already mentioned in our previous papers [AnPi] and [Pi1] , ϕ(M, N ) represents a measure of non-immersability of M into N , if dim M < dim N and it is a measure of the distance of the pair (M, N ) from a fibration if dim M ≥ dim N and M, N are compact differentiable manifolds. Some results concerning the ϕ-category of the pair (M, R) are obtained in [GoGo] and [Ta] . For the equivariant (invariant) situation see also [Da] .
The main result of this paper is Theorem 3.1 which asserts that, for two given compact connected differentiable manifolds M and N having the same dimension m, ϕ(M, N ) is infinite in the following conditions: (i) m ≥ 3 and π 1 (N ) has no subgroup isomorphic with π 1 (M ); (ii) m ≥ 4 and π q (M ) ∼ = π q (N ) for some q ∈ {2, 3, . . . , m − 2}. The proof of Theorem 3.1 is essentially based on the technical Theorems 1.1, 1.2 and on Proposition 2.3 and it is very easy to cover. Proposition 2.3 is an immediate consequence of Theorem 2.2 and the last one could be also considered an important result in itself. Theorem 2.2 roughly asserts that for two given manifolds P and M such that dim P < dim M, ∂P = ∅, ∂M = ∅ and a discrete subset A of M whose derived set A (i.e. the set of accumulation points) is also discrete, in each
there is a map whose image avoids the setĀ. For its proof f is assumed to be smooth and around the common points of the setsĀ and Im f we take small balls such that they don't meetĀ again. Using Sard's theorem we can consider in each such ball a point which doesn't belong to Im f . Further on, project the common points of Im f and a given ball on the border of that ball along some certain curves starting from the considered point of the ball and passing through their common points. The asserted mapping in the class [f ] is obtained by composing those projections with the initial mapping f .
Preliminary results
In their paper [FaHu] , E. Fadell and S. Husseini proved, using the standard technique of Ljusternik-Schnirelmann category, that a C 1 -functional f : Λ → R has an unbounded sequence of critical values (therefore infinitely many critical points), under certain hypothesis on the open subset Λ of the Hilbert space E and on the functional f . Our first result proves a similar fact for a mapping between two connected differentiable manifolds.
As we have already defined before, C(f ) denotes the critical set of the mapping f : M → N . Recall that R(f ) denotes the regular set of f and B(f ) = f (C(f )) denotes the set of critical values of f . 
Proof. Let us first prove that
is a covering mapping with finitely many sheets.
Proof. Before proving the required statement we shall prove the inclusion
. Indeed, if the above inclusion is not true, then there exists a critical value y ∈ B(f ) whose fiber f −1 (y) has a regular point x as accumulation point. But this is a contradiction to the fact that f is a local diffeomorphism around of x. Further on, we have successively:
Therefore to prove what is required, it is enough to show that |f
is finite for all y ∈ N \B(f ). Indeed, otherwise f −1 (y) has accumulation points obviously contained in f −1 (y). But this contradicts the fact that f is locally a diffeomorphism around any point x ∈ f −1 (y). It remains to prove that the number |f −1 (y)| is invariant when y runs over the set N \B(f ). We first prove this statement locally, that is, every
|, for all y ∈ V , and assuming that there exists a sequence {y n } n∈N ⊆ V such that y n → y and |f
Because M is compact, {x n } n∈N has a convergent subsequence denoted in the same way, that is, there exists x 0 = lim n→∞ x n . But since
, and on the other hand, passing to the limit in the equality f (
Further on, take two arbitrary points y, y ∈ N \B(f ) and consider a continuous path γ :
is connected, B(f ) being a finite set), and cover γ ([0, 1] ) with a finite number of above constructed open sets by means of which one can easily prove that |f −1 (y)| = |f −1 (y )|, and the theorem is completly proved.
Some homotopical aspects
For r > 0 and n ∈ N * denote by D will be simply denoted by D n and S n−1 respectively.
where
Figure 1.
The mapping h x0 acts on R n \{x 0 } as in Figure 1 . Let M be an n-dimensional manifold and c = (U, ϕ) be a local chart of M such thatD n ⊆ ϕ(U ). Denote by D ϕ and by S ϕ the sets
Remarks.
where π is an element of the symmetric group of the set {1, 2, . . . , k} and
(v) Under the conditions of the statement (iv), it is also true that 
Proof. There exists a homotopy K :
and K(·, 1) is a differentiable mapping (see [Go, Proposition 4.6, pp. 64 
]). Consider the homotopy H
is a collar neighbourhood of the boundary ∂M 1 (U is an open neighbourhood of the boundary ∂M 1 and Q is a diffeomorphism such that Q(x, 0) = x, ∀ x ∈ ∂M 1 ) and
and observe that H 3 (·, 0) = H 2 (·, 1) and
are differentiable mappings, it follows that
is differentiable on the open neighbourhood Q(∂M 1 × [0, 1)) of ∂M 1 . Hence, there exists a homotopy [Go, Théorème 4.5, pp. 64] 
Theorem 2.2. Let M be an n-dimensional differentiable manifold (∂M = ∅) and
A be a discrete subset of M whose derived set A is also discrete. If P is a compact differentiable k-dimensional manifold (k < n, ∂P = ∅) and f : P → M is a continuous mapping such that f (∂P ) ⊆ M \Ā, then there exists a continuous mapping
Proof. According to Lemma 2.1 there exists a homotopy H :
Because A is a closed and discrete subset of M and g 1 (P ) is compact, it follows that g 1 (P ) ∩ A is a finite set. Let us assume that g 1 (P ) ∩ A = {x 1 , x 2 , . . . , x l }. It is easily seen that there exist the local charts c 1 = (U 1 , ϕ 1 
. , l}.
Because A and A are discrete sets and M has a countable basis, it follows that both of them are countable, which means that the closureĀ = A ∪ A is countable too. We can therefore say that ϕ i (U i ∩Ā) is countable for each i ∈ {1, 2, . . . , l}. But this means that there exists r > 0 such thatD
Making, if need be, easy modifications of the mappings ϕ i , we can assume that r = 1. Therefore,
Using the same kind of arguments as above, there exist the local charts c l+1 = (U l+1 , ϕ l+1 ), . . . , c l+l = (U l+l , ϕ l+l ) satisfying the following conditions:
Because g 1 is a differentiable mapping, we obtain, using a weak version of Sard's theorem for the mapping g 1 | int P , that D ϕi \g 1 (P ) is nonempty for every i ∈ {1, 2, . . . , l + l }. For i ∈ {1, 2, . . . , l + l }, let us consider y i ∈ D ϕi \g 1 (P ) and the mappings
By the transitivity of the relation " ", one can conclude that f H h where
Consider the following two homotopies ψ : P × [0, 1] → P , and G :
where Denoting G(·, 1) by g and observing that G(·, 0) = f it can be easily seen that f G g( rel ∂P ) and also that g(P ) ⊆ M \Ā, and the theorem is completely proved.
Proposition 2.3. Let M be an n-dimensional differentiable manifold (n ≥ 2, ∂M = ∅) and A be a discrete subset of M whose derived set A is also discrete. If M is connected, then M \Ā is also connected, and the inclusion i : M \Ā → M is (n − 1)-connected; that is, the homomorphism i q : π q (M \Ā) → π q (M ), induced by the inclusion, is an isomorphism for q ≤ n − 2 and it is an epimorphism for q = n − 1.
Proof. The connectedness of M \Ā follows easily from Theorem 2.2, taking the particular case P = [0, 1]. Using the exact homotopy sequence 
Basic result
Using the results previously obtained, in this section we shall prove the already announced sufficient conditions, in terms of homotopy groups, in order that ϕ(M, N ) be infinite, for the given pair (M, N ) of differentiable manifolds. Proof. We have to show that any differentiable mapping f : M → N has infinitely many critical points. If f is not surjective, this follows easily by Theorem 1.1. Assume that f : M → N is surjective and that f has finitely many critical points. Hence, by Theorem 1.2,
is a covering map, which means that
is a monomorphism and
are isomorphisms for all q ≥ 2. On the other hand, by Theorem 1.2 and Proposition 2.3 it follows that the homomorphisms i q : 
By Proposition 2.3, it follows that for q ∈ {1, . . . , k − 2} the homomorphismsī q andj q induced by inclusionsī andj are isomorphisms, and they are epimorphisms for q = k − 1. Thereforef q is a monomorphism for q = 1, it is an isomorphism if q ∈ {2, . . . , k − 2} andf k−1 is an epimorphism. Consider the following ladder with commutative rectangles: Using successively the five lemma for q = 2 and then for q ∈ {3, . . . , k − 1} in the above diagram, it follows that f 1 is a monomorphism and f q are isomorphisms for all q ∈ {2, . . . , k − 2}, which contradicts the hypothesis of (i) and that of (ii) respectively, and the theorem is completely proved.
